Phase transitions in a spinless, extended Falicov-Kimball model on the
  triangular lattice by Yadav, Umesh K. et al.
ar
X
iv
:1
20
5.
65
55
v2
  [
co
nd
-m
at.
str
-el
]  
7 J
un
 20
13
Phase transitions in a spinless, extended Falicov-Kimball model on the triangular lattice
Umesh K. Yadav, T. Maitra and Ishwar Singh
Department of Physics, Indian Institute of Technology Roorkee, Roorkee- 247667, Uttarakhand, India
Abstract
A numerical diagonalization technique with canonical Monte-Carlo simulation algorithm is used to study the phase transitions from
low temperature (ordered) phase to high temperature (disordered) phase of spinless Falicov-Kimball model on a triangular lattice
with correlated hopping (t′). It is observed that the low temperature ordered phases (i.e. regular, bounded and segregated) persist
up to a finite critical temperature (Tc). In addition, we observe that the critical temperature decreases with increasing the correlated
hopping in regular and bounded phases whereas it increases in the segregated phase. Single and multi peak patterns seen in the
temperature dependence of specific heat (Cv) and charge susceptibility (χ) for different values of parameters like on-site Coulomb
correlation strength (U), correlated hopping (t′) and filling of localized electrons (n f ) are also discussed.
Keywords: A. Strongly correlated electron systems; C. Triangular lattice; D. Phase transitions
1. Introduction
The study of correlated systems like transition metal
dichalcogenides [1, 2, 3], cobaltates [4], GdI2 [5, 6] and its
doped variant GdI2Hx [7] have attracted considerable atten-
tion recently as they exhibit a number of remarkable cooper-
ative phenomena like valence and metal-insulator transition,
charge and magnetic order, excitonic instability and possible
non-Fermi liquid states [6, 8]. It has been suggested recently
that these correlated systems may very well be described by
different extensions of the Falicov-Kimball model (FKM) on a
triangular lattice [6, 9, 10, 11, 12]. These systems are geomet-
rically frustrated. The frustration gives rise to a large degener-
acy at low temperatures and competing ground states close by
in energy. A consequence of this is a fairly complex ground
state magnetic phase diagram [7] and the presence of soft local
modes strongly coupled to the conduction electrons [6].
The usual FKM [13] was proposed to study the
semiconductor-metal transition in S mB6 and other corre-
lated electron systems. The FKM considers only the kinetic
energy of the itinerant electrons and the local Coulomb
interaction between the itinerant and localized electrons. The
effective interactions in the FKM are mediated by the itinerant
electrons [14]. FKM has been applied to different types of
lattices (bipartite/non-bipartite) and in different dimensions.
While FKM on bipartite lattices is studied extensively (see
Ref. [15] and references therein), results on non-bipartite
lattices are rare (see Ref. [9, 16]).
Recently several new ground states were observed for an ex-
tended FKM on a triangular lattice where the effect of corre-
lated hopping t′, was taken into account [9]. The correlated
hopping term is influenced by the number of localized electrons
(denoted by ‘ f ’-electrons) present on the neighboring sites as
explained below. For example, in some rare earth compounds
(especially the mixed-valence compounds), the rare earth ions
with two different ionic configurations f n and f n−1 have differ-
ent ionic radii: f n−1 configuration has less screening of nuclear
charge compared to f n configuration. The itinerant electrons
(denoted by ‘d’-electrons) in ions with f n−1 configuration feel
more attraction due to the nucleus and hence get contracted.
This leads to increased localization of those orbitals. Hence the
d-orbital overlap between nearest neighbors depends on local
f -electron occupation of neighboring ions, resulting in a corre-
lated hopping of d-electrons. Such a correlated hopping term
also appears in the first principles calculation [17] of the tight
binding Hamiltonian and is usually neglected in Hubbard type
models [9]. Its significance in superconductivity has been em-
phasized already [18, 19] and in the context of FKM, it has been
considered by several authors [20, 21, 22].
Therefore, we consider such an extended FK Hamiltonian on
a triangular lattice
H = −
∑
〈i j〉
(ti j + µδi j)d†i d j + E f
∑
i
f †i fi
+U
∑
i
f †i fid†i di +
∑
〈i j〉
t′i j( f †i fi + f †j f j)d†i d j. (1)
where d†i , di ( f †i , fi) are, respectively, the creation and annihila-
tion operators for d ( f )-electrons at site i and µ is the chemical
potential. The first term in Eq.(1) is nearest-neighbor hopping
of d-electrons on a triangular lattice. The second term repre-
sents the dispersionless energy level E f of f -electrons while
the third term is the on-site Coulomb repulsion between d and
f -electrons. The last term is the correlated hopping discussed
above.
A comprehensive study of the ground state phase diagram of
Hamiltonian Eq.(1) is reported elsewhere [9]. With correlated
hopping (t′ ∈ [−1, 1]) two different phases are observed at 14 -
filling of localized electrons namely (i) ordered and (ii) segre-
gated phases for U = 1, 3 and 5. At 12 -filling of localized elec-
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trons (i) bounded (ii) axial striped and (iii) segregated phases
for U = 1 and (i) striped and (ii) segregated phases for U = 5
are reported. Some of these charge ordered phases are also ob-
served experimentally in the above mentioned systems. In this
work, we extend our study to finite temperatures and study the
half filled situation for the Hamiltonian Eq.(1) and observe the
stability of these phases and the nature of the phase transitions
at finite temperature.
2. Methodology
In the Hamiltonian Eq.(1), the local f -electron occupation
number nˆ f ,i = f †i fi commutes with H and ωi = f †i fi is a good
quantum number taking values either 1 or 0. This local gauge
symmetry also implies [23] that interband excitonic averages
of the type 〈d†i f j〉 are identically zero at any finite temperature
(i.e., an absence of homogeneous mixed valence) and the f -
electron level remains dispersionless. Using this local conser-
vation the Hamiltonian may be written as,
H =
∑
〈i j〉
hi j(ω)d+i d j + E f
∑
i
ωi (2)
where hi j(ω) = [−ti j + t′i j(ωi + ω j)] + (Uωi − µ)δi j.
The value of µ is chosen such that N f + Nd = N (half-filled
case), where N f , Nd are the total number of f and d-electrons
and N = L2 (L = 12) is the number of sites. For a lattice
of N sites, the Hamiltonian H is now an N × N matrix for a
fixed configuration ω. We set the value of hopping t〈i j〉=1. We
choose a particular value of N f (0 ≤ N f ≤ N), and a config-
uration ω = {ω1, ω2, . . . , ωN } for N f . Choosing values for t′
and U, the eigenvalues λi of H(ω), are calculated by numerical
diagonalization with the periodic boundary conditions (PBC).
Average value of the physical quantities is calculated by Monte
Carlo sampling method reported elsewhere [9].
The partition function is written as
Z =
∏
i

∑
ωi=0,1
Tr e−βH({ωi})
 (3)
where the trace is taken over the d-electrons, and β = 1kT . The
trace is calculated from the eigenvalues λi (i = 1 · · ·N) of the
matrix h (first term in H (Eq.(2)).
The partition function can, therefore, be recast in the form
Z =
∏
i
(
∑
ωi=0,1
e−βE f ωi )
N∏
j
(1 + e−β[λ j(ω)−µ]) (4)
The corresponding total internal energy is
E(ω) =
∑
i
λi(ω)
[eλi(ω)/kT + 1] + N f E f (5)
The thermodynamic quantities are calculated by the averages
with the statistical weights,
A(ω) = 1
Z
e−βE(ω), (6)
of localized f-electron configurations ω, respectively.
In the simulations, one starts with random configuration (of
f−electrons) at high temperature and then the temperature is
ramped down slowly until a stable ground state is obtained at
very low temperature. Then this ground state configuration is
chosen as the initial configuration for a particular finite temper-
ature. For a fixed finite temperature a large number of Monte
Carlo steps are carried out to make the system reach the equi-
librium. We have observed that around 1000 Monte Carlo steps
are sufficient for this. Then the ensemble average of the ther-
modynamic quantity of interest is calculated on next (∼ 4000)
Monte Carlo steps. Now an important question arises whether
the system has reached equilibrium or not. To ensure this we
rerun the simulation starting from two different initial configu-
rations; firstly from a fully ordered configuration of f−electrons
and secondly from random configuration of f− electrons. After
a certain number of Monte Carlo steps (around 1000 steps) the
internal energies for both the cases approach same value. This
implies that the system has reached equilibrium. A similar ap-
proach was earlier employed in the study of phase transitions in
FKM on a square lattice [16, 24].
We have calculated temperature dependence of the charge
susceptibility χ and the specific heat Cv. The χ and Cv are
calculated by the fluctuation-dissipation theorem (FDT). The
χ is related through the FDT to the first order variance of the
density-density correlation function [16], given as,
χ =
1
kT (〈g
2
n=1〉 − 〈gn=1〉
2), (7)
where 〈. . .〉 represent average over different configurations. The
gn is the density-density correlation function defined as,
gn =
1
N
N∑
i
∑
τ1, τ2=±n
ω(ri)ω(ri + τ1aˆx + τ2aˆy), (8)
where ω(ri) = ωi, aˆx and aˆy are the unitary vectors along the x
and y directions respectively (here we assumed lattice constant
as unity).
The specific heat (Cv) is related through the FDT to the inter-
nal energy and defined as,
Cv =
1
N
1
kT 2 (〈E
2〉 − 〈E〉2) (9)
The specific heat and charge susceptibility are calculated by
different approaches. The specific heat is calculated from eigen-
values of the d−electron Hamiltonian. The d−electron spec-
trum changes with temperature. Correspondingly total internal
energy of d−electrons changes with temperature. This change
in total internal energy of the system with temperature is noth-
ing but temperature dependence of the specific heat. It has been
seen that in a particular temperature range a few eigenvalues in
the lower part of d−band increase with increase in temperature
(while other eigenvalues are remaining unaffected). This mani-
fest in the increase of d−electron specific heat around that tem-
perature. The charge susceptibility is calculated from density-
density correlation function (gn). The gn depends on f−electron
configuration only.
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In addition, we have calculated the thermal average (or the
ensemble average) of the f−electron occupation (ωi(T )) on
each site (i = 1 to N). The ωi(T ) on each site (i) is given as,
ωi(T ) = 〈ωi〉 =
∑
j ωi e−βE({ω j })∑
j e−βE({ω j})
, (10)
where, summation is taken over the different Monte Carlo sim-
ulation steps at a finite temperature. We have chosen a random
configuration of f−electrons initially. At T = 0 an ordered
ground state configuration of f− electrons is obtained. At a fi-
nite temperature T , this ordered configuration is chosen as ini-
tial configuration. The ensemble average of the f−electron oc-
cupation, ωi(T ), is calculated for ∼ 4000 Monte Carlo steps,
after the system reached equilibrium.
Phase transition from low temperature ordered phase to high
temperature homogeneous or disordered phase is characterized
by the temperature dependence of thermal average f− elec-
tron occupation, ωi(T ). In case of ‘first-order’ phase transition,
discontinuous change in ωi(T ) from ordered phase to homoge-
neous phase with temperature is found. In ‘second-order’ phase
transition continuous change in ωi(T ) from ordered phase to ho-
mogeneous phase with temperature is seen. At Tc (which cor-
responds to last peak in Cv and χ) homogeneous configuration
of f−electrons is found.
3. Results and discussion
At finite temperature, only a few exact calculation results are
available on the bipartite (square) lattice with [25] and with-
out [16] correlated hopping. Without correlated hopping (usual
FKM) and for half-filled case, it was observed that for all fi-
nite Coulomb correlation U > 0 the ground state configuration
is checkerboard type that persist up to a critical temperature
Tc(U). At Tc the system undergoes a phase transition from or-
dered phase to the homogeneous phase. The phase transition
is of first order for U < 1 and of second order for U > 1
[16, 25]. With correlated hopping t′ and U = 0.5, low tem-
perature phase is an ordered one and mainly, is of type checker-
board, axial striped and segregated phase. For U = 0.5, and
for −1.0 ≤ t′ ≤ 0.55 the phase transition is of the first order
and for t′ > 0.55, phase transition is of the second order. In the
regime of t′, where phase is of the checkerboard type critical
temperature reduces with increasing t′ and in the regime where
phase is of the type of axial striped and segregated, the critical
temperature enhances with increase in the t′.
Perturbative results for large U indicate that to order 1/U,
the FKM can be mapped onto an Ising antiferromagnet (AFM)
in a magnetic field, He f f =
∑
〈i j〉 t
2
4U si s j +
1
2 (µ + E f )
∑
i si +
constant terms, where si = 2ωi − 1, si = −1, 1. The Ising AFM
state on a triangular lattice is frustrated and leads to large de-
generacies at low temperature. It turns out that this frustration
is lifted [26] in higher order perturbation in 1/U. It is therefore
quite intriguing that one would expect the effects of frustration
to bear on the finite temperature states as on-site Coulomb cor-
relation (U) between d− and f− electrons and the chemical po-
tential (µ) are varied.
There is hardly any exact result for the FKM on the non-
bipartite lattice at finite temperature [27]. Therefore, it is quite
interesting to observe the temperature induced phase transitions
in the FKM on a triangular lattice. We have studied the fi-
nite temperature induced phase transitions as a function of a
range of values of U and fillings (i) n f = N f /N = 14 and (ii)
n f = 12 (Nd is constrained to N − N f ) of f−electrons using the
method outlined in the previous section. We look at the effect of
correlated hopping of d-electrons on phase transitions for sev-
eral values of t′ ∈ [−1, 1] at a fixed U.
We have studied variation of specific heat (Cv) and charge
susceptibility (χ) with temperature for some fixed values of U
and t′. We find that in the cases Cv and χ remain zero up to
certain temperature (say T1) and then on further increasing the
temperature two peak like structure appear in both Cv and χ
for nonzero values of t′ (One observes a single peak in case of
t′ = 0). The second peak in case of t′ nonzero (and the single
peak in case of t′ = 0) corresponds to the temperature (Tc)
at which a phase transition is seen to occur from the ordered
to the homogeneous phase as discussed below in terms of the
temperature dependence of the order parameter. We have also
studied the thermal average of the f-electron occupation at each
site (ω(T ) = < ωi >) given by equation (10).
3.1. n f = 14 case:
Two different phases namely ordered and segregated phase
are observed for correlated hopping t′ ∈ [−1, 1] and U = 1 [9].
An ordered ground state configuration of f−electrons is ob-
served for t′=-1.0 to ∼ 0.35 and U = 1. In Fig.1(a) we present
the variation of specific heat (Cv) and charge susceptibility (χ)
with temperature for t′=-1.0 and U = 1. The Cv and χ have
values zero up to temperature T1 = 0.7 and then two peak like
structure appear with second peak in Cv at Tc = 1.2. The ther-
mal average of the f−electron occupation at each site (ωi(T ))
given by Eq.10 at t′=-1.0 and U = 1 for different temperatures
is shown in Fig.1 (b), (c) (d) and (e). The ground state con-
figuration of f−electrons is ordered: ωi = 1 on one-fourth of
the sites and ωi = 0 on the rest. This behavior of the f− elec-
trons configuration persists up to a finite temperature T1 ∼ 0.7.
Above this temperature, the average f−electron occupation at
each site changes continuously between 1 and 0 (i.e. In between
temperature T1 and Tc, ωi(T ) decreases from 1 at sites with
ωi = 1 below T1 and increases from 0 at sites with ωi = 0 (See
the discussion below in terms of the order parameter). At the
critical temperature Tc(∼ 1.2), a homogeneous phase with the
f−electrons occupying equally all the sites is observed which is
also the temperature at which second peak appears in Cv. The
rise in Cv above T1 is understandable because when order pa-
rameter starts decreasing from 1 the entropy starts increasing
and thus contributing to the rise in Cv. The appearance of the
first peak is still not clearly understood though. We believe that
it could be an artefact of finite lattice size as also seen in case
of bipartite lattices (Fig.6 of Ref. 25). Even though in square
lattice the first peak is seen to get suppressed with a lattice size
16 × 16, in the triangular lattice case the lattice size at which
this suppression will happen could probably be much higher.
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Figure 1: The specific heat Cv and charge susceptibility χ (a) and average f-electron occupation ωi(T ) on each site ((b) to (e)) for different temperatures at U=1,
t′=-1.0 and n f = 14 . Strength of the filled circles are shown in right side of upper panel.
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Figure 2: The specific heat Cv and charge susceptibility χ (a) and average f-electron occupation ωi(T ) on each site ((b) to (e)) for different temperatures at U=1,
t′=1.0 and n f = 14 . Strength of the filled circles are shown in right side of upper panel.
The ground state f−electrons configuration for t′ > 0.35 and
U = 1, is segregated phase. The above mentioned quantities
(Cv, χ and ωi(T )) are calculated for correlated hopping t′=1.0
and U = 1 (see Fig.2). Two peak structure is observed in Cv
and χ. Temperature dependence of ωi(T ) suggests second order
phase transition from segregated phase to homogeneous phase.
In this region the critical temperature Tc, where phase transition
occurs, increases with increasing the correlated hopping t′.
To observe the effect of t′ on phase transition for U > 1, we
have calculated Cv, χ and ωi(T ) for U = 5 and t′ ∈ [−1, 1] (not
shown here). The phase transition occurs at a higher value of
critical temperature in comparison to that at U = 1 for all cal-
culated values of t′. Due to large on-site Coulomb interaction
between d− and f−electrons, large temperature is required to
make the f−electron occupation homogeneous.
3.2. n f = 12 case:
Three different ground state configurations namely bounded,
axial striped and segregated phases are observed [9] at U =
1 and t′ ∈ [−1, 1]. In order to observe the stability of these
phases at finite temperatures and to see the effect of filling of
f -electrons on Tc, we have calculated Cv, χ and ωi(T ) at U = 1
for t′ ∈ [−1, 1]. Shown in Figs.3 and 4 are variation of Cv, χ
and ωi(T ) for U = 1 and for t′=−1 and 1, respectively.
The ground state f−electrons configuration for t′=-1.0 to ∼
0.4 and U = 1, is bounded. At finite temperature, for all neg-
ative values of t′, two peak structure is observed in Cv and χ
(see Fig3(a) for t′=-1.0). Corresponding variation of ωi(T ) at
different temperatures is shown in Figs.3(b), (c), (d) and (e).
Temperature dependence of ωi(T ) suggests second order phase
transition from low temperature bounded phase to high tem-
perature homogeneous phase at Tc, which corresponds to the
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Figure 3: The specific heat Cv and charge susceptibility χ (a) and average f-electron occupation ωi(T ) on each site ((b) to (e)) for different temperatures at U=1,
t′=-1.0 and n f = 12 . Strength of the filled circles are shown in right side of upper panel.
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Figure 4: The specific heat Cv and charge susceptibility χ (a) and average f-electron occupation ωi(T ) on each site ((b) to (e)) for different temperatures at U=1,
t′=1.0 and n f = 12 . Strength of the filled circles are shown in right side of upper panel.
second peak in Cv and χ.
Segregated ground state f−electrons configuration is ob-
served for t′ ≥ 0.6 and U = 1. Variation of Cv, χ and ωi(T )
for t′=1 and U = 1 at different temperatures is shown in Fig.4.
Two-peak structure is observed in Cv and χ. Phase transition
of second order from low temperature segregated phase to high
temperature homogeneous phase is observed at Tc=2.3, which
corresponds to the second peak in Cv and χ. The Tc is very
large in segregated phase in comparison to the other phases.
We have calculated Cv, χ andωi(T ) for U = 5 and t′ ∈ [−1, 1]
(not shown here). Multi-peaks are observed in Cv and χ. At all
values of t′ second order phase transition from low temperature
ordered phase to high temperature disordered phase about Tc
(much larger than at U = 1), corresponding to the second peak
in Cv and χ is observed.
In Fig.5 we have shown the temperature dependence of order
parameter ∆ (∆ = 〈ωA〉 − 〈ωB〉, where A and B are occupied
and unoccupied sites by f−electron at T = 0 respectively and
〈ωA〉 and 〈ωB〉 are thermal average of the f−electron occupa-
tion (see Eqn. 10) at site A and B for a particular temperature
respectively) of the ordered phases for U = 1 and t′=−1, 0 and
1 for n f = 14 and n f =
1
2 (shown in the inset). Let us con-
sider the case for U = 1, t′ = −1 and n f = 14 , ∆ remains 1
up to T1 = 0.7. It starts decreasing for T1 > 0.7. In between
T1 > 0.7 and Tc = 1.2 first peak in Cv and χ is seen at T = 1.
At Tc = 1.2, ∆ vanishes and homogeneous configuration of f
electrons is found. This temperature corresponds to the second
peak in Cv and χ. As ∆ decreases continuously with tempera-
ture from a value 1 to 0, the phase transition can be categorized
as a second order phase transition. For all the three t′ values (1,
0 and -1) we see similar behavior with the transition tempera-
ture being different in each case. However, the behavior of the
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Figure 5: Temperature dependence of order parameter ∆ of the ordered phases for U = 1, n f = 14 and t
′=−1.0, 0 and 1.0. The inset shows temperature dependence
of ∆ for U = 1, n f = 12 and t
′=−1.0, 0 and 1.0.
order parameter near the critical temperature is not like a typi-
cal mean field one (The order parameter falls almost linearly).
This kind of the behavior has been observed in the bipartite lat-
tices as well (Ref.16) where the authors attributed this effects to
finite size of the lattice considered and the weak coupling limit.
In conclusion, we have studied the phase transitions in the
spinless extended FKM on a triangular lattice and found that
the ground state ordered configuration persist up to a finite
critical temperature (Tc). Above Tc, homogeneous, disordered
phase is observed. At U = 1, n f = 14 and
1
2 , second order
phase transition from ordered phase to disordered phase is ob-
served for values of t′ = −1, 0 and 1. At one-fourth filling of
f−electrons critical temperature Tc, decreases in ordered phase
and increases in segregated phase with t′. At half filling of f -
electrons, segregated phase exists at higher values of t′ than at
one-fourth filling. Correspondingly, Tc decreases up to a higher
value of t′ in half filling than one-fourth filling. The Tc, in or-
dered and in bounded phase is larger and similar in segregated
phase for one fourth filling, in comparison to half filling. Sec-
ond order phase transition is found for all calculated values of
t′ and fillings of f−electrons at U = 5. There is rarely any cal-
culation available for the spinless FKM on a triangular lattice at
finite temperatures. Our results may motivate further studies of
the finite temperature properties of frustrated systems of recent
interest like cobaltates, GdI2, NaTiO2 and NaVO2.
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